ROBIN HARTSHORNE (Received 18 October 1978)
THE IDEA for this paper arose at a conference on algebraic vector bundles on projective spaces held at Oxford in May 1978. * The recently discovered connection between some partial differential equations of mathematical physics and certain holomorphic vector bundles on complex projective 3-space has provided an enormous boost to a subject which was already of interest to algebraic geometers.
Conversely one may hope that the results obtained by abstract mathematical methods may be of use to the physicists.
It is too early to write a comprehensive summary of this rapidly changing field. However, I thought it might be useful to mark the present state of affairs in the subject and to stimulate further research by providing a list of problems. So, accepting the risk that it will soon be outdated, I have drawn up a list of problems which seem to me representative of current trends of research in the subject, including some suggested by other participants in the Oxford conference. I will not attempt to define all the terms used, nor to summarize all previous work-for that I refer to the annotated bibliography at the end and the further references contained in those papers.
The problems will be stated mostly in the language of abstract algebraic geometry [27]: projectioe space Pk" is taken over an algebraically closed groundfield k of characteristic p 2 0; a vector bundle is a locally free coherent algebraic sheaf; in the case where the groundfield is C, the category of algebraic vector bundles is equivalent to the category of holomorphic vector bundles. There are several different definitions of stable vector bundle in current use. For the sake of definiteness, we will use the definition of Mumford and Takemoto: a vector bundle E of rank r on P" is stable if for every coherent subsheaf F of E, of rank s, cl(F)/s < c,(E)/r, where cl denotes the first Chern class. Replacing < by s gives the definition of semistable.
PROBLEM 1. Does there exist an indecomposable vector bundle of rank 2 on PCs?.
This is part of the more general problem to find vector bundles of small rank on large projective spaces. It is known that there are indecomposable bundles of rank 2 on P" for n = 2,3,4; of rank 3 on P" for n = 2, 3,4,5; of rank n -1 on P" for all n Z= 2 and over a field of characteristic .2 there is one of rank 2 on P'. Other than these there are no known indecomposable bundles of rank 1 < r -C n -1 on r. The problem is intriguing because there is no particular reason why they should not exist, yet they have proven extremely difficult to find. A recent result of Grauert and Schneider [20] says that an indecomposable iank 2 bundle on Pc" for n 3 5 must be stable.? This narrows the search considerably. In particular it implies that the Chern classes must satisfy c,' < 4cz. The problem can be translated into questions of linear algebra, to find matrices satisfying certain conditions. Unfortunately these seem very difficult. In another direction, one can ask about the existence of topological C'-bundles on PROBLEM 4. Let X be a nonsingular projective variety of dimension n with a fixed very ample divisor H. Do the stable vector bundles E on X of fixed rank r and with fixed Hilbert polynomial P form a bounded family?
Another way of phrasing this question is to ask whether the moduli space of those bundles is of finite type over k. For Maruyama [41] has shown that these bundles have a coarse moduli scheme, which is locally of finite type over k. The answer is known to be yes if n s 2 or if r =G 2 and also for r = 3, 4 in characteristic 0. References : [4 143, 701.
PROBLEM 5. Let E be a stable (respectively, semistable) vector bundle of rank r on P" with n z 3. Is it true that for almost all hyperplanes H C P" the restriction of E to H is stable (respectively, semistable)?
If so, this would be an important step for an inductive solution of the problem of boundedness (Problem 4). It has been proved by Barth for r = 2, with one exception, the nullcorrelation bundle (respectively, by Maruyama, whenever r < n 
According
to Atiyah and Ward[2], this problem is equivalent to classifying stable rank 2 holomorphic vector bundles E on P c3 with c, = 0, c2 = k, having a real structure (T with m2 = -1 and no real jumping lines. Atiyah and Hitchin, and independently Drinfeld and Manin, showed that these bundles satisfy H'(E(-2)) = 0 and so can be represented by very special monads of Horrocks. The moduli space M'(k) is known to be a real analytic manifold of (real) dimension 8k -3, but except for the cases k = 1, 2 it is not yet known whether it is connected. It is a union of a subset of the connected components of the real part of the complex moduli space M(0, k) of Problem 7. The monads lead to a very explicit problem in linear algebra over the quatemions which in principle describes the moduli space. Using this one can show 7r,(M'(2)) = Z2 and it is conjectured that rl(M'(k)) = Zl for all k t 2. Another approach to the problem of classification of rank 2 bundles on P' is to associate to the bundle a curve in P' obtained as the zero set of a section of,'some twist E(r) of the bundle. To do this efficiently, we want to use the least possible r (which can be bounded in terms of cl and c2 because of boundedness of the family [Problem 41). Then in principle the classification of bundles is reduced to the classification of curves (also difficult). In case c, = 0, I conjecture that the least r > d(3cz + 1) -2 will do. For the bundles coming from instantons this bound works and is the best possible. For arbitrary stable bundles, this bound works for c2 s 9, but the best bound I can prove for arbitrary c? is of the order of (~2)~'~.
References:
[29].
PROBLEM 10. Let S = k[xo, XI, x2, x31 be the homogeneous coordinate ring of Pk'. Characterize those finite-length graded S-modules N such rhar there exists a rank 2 (respectively, srable) vector bundle E on Pk' wirh N = "FZ H'(P), E(n)).
The module N is an important invariant of the bundle E. In fact Horrocks[31] has shown that a bundle E (of unspecified rank) is determined up to direct sums with line bundles by the module N together with the module N'= "gZ H'(P', E(n)) and an element p E Exts*(N', N). In the case of rank 2, N' is the dual of N, up to shift, so that E is almost determined by N. If C is a curve in P' obtained as the zero set of a section of a twist of E, then the module N appears (up to shift) as @ H'(Pt3, 4c(n)) where 4c is the ideal sheaf of C. IIEZ Rao [45] has shown that every finite length graded S-module N arises in this way from some irreducible nonsingular curve in p and that N characterizes the liaison equivalence class of C. On the other hand, he shows that not every N arises from a rank 2 bundle as above.
On p, a rank 2 bundle E is completely determined by the corresponding module N and indeed this is the starting point of Barth's classification of bundles on P'[8].
PROBLEM 11 (Barth). Let N be the graded S-module associated to a stable rank 2 bundle E on F' with CI = 0, as in Problem 10. Is N generated as an S-module by its elements in degrees <O? This is true for those bundles E satisfying H'(E(-2)) = 0: in that case N is generated by elements in degree -1. If true in general, this would limit the types of monads needed to construct all rank 2 stable bundles on P'. References : [9-l 11. If d <!(kZ+4k +6) then an easy argument using the Riemann-Roth theorem and Clifford's theorem shows that but it is not known if this is the best possible.
In the remaining range :(k'+ 4k + 6) s d =Z k(k -1) the bound is not known, but I conjecture that and there are many examples of curves giving equality. If true, this conjecture would imply an affirmative solution to the conjecture in problem 9.
References:
[21-25, 27, Ch. IV, 96, 291.
PROBLEM 13 (Barth). Let C C P' be a space curve whose canonical bundle WC = 0c(2m -4) for some m and assume rhar C has degree d > m2 and that C does nor lie on any surface of degree m. Then is the natural map
This is a translation of Problem 11 into space curves References:
[ 1,9, 111.
PROBLEM 14. For which ualues of c ,, cl, c) does there exist a stable rank 3 bundle E on P with the given Chern classes? This is the first unknown case of the general question, what restrictions does stability impose on the Chern classes of a vector bundle on P"? Topology imposes certain congruences on the Chern classes of (topological) C-bundles on PC". In the case of rank 3 bundles on P' this is clc2 = c3 (mod 2). Vogelaar has recently shown that for every cl, ~2, c3 satisfying this congruence, there exists an algebraic rank 3 vector bundle on P' with those Chern classes. On the other hand, one can see easily that stability implies cl2 < 3~1. It remains to determine the possible values of c3 for stable bundles.
In addition to this question about rank 3 bundles, there are many other untouched questions about rank 3 and higher rank bundles on P', similar to Problems 7-10. For example, one can ask about the moduli space of SU(3)-instantons, which correspond to certain stable rank 3 bundles with cl = c3 = 0, c? 2 2.
References : [4, 58,621.
PROBLEM 15. Let E be a stable rank r bundle on P" with first Chem class c, , satisfying -r < cl =S 0. For any line L C P", let El,_ z 6 Bt_(ai) with al 3 az 2 . . . 3 a,. The decomposition of E restricted to a line and how that decomposition changes as the line varies has been an important tool in studying vector bundles of rank 2. For example, one defines a jumping line for E to be a line where the ai are different from the ai of a general line. A uniform bundle 'is defined as one with no jumping lines.
In the case of stable rank 2 bundles on Pc", the theorem of Grauert and Miilich says that for the general line, if cl = 0, then al = az = 0; if cl = -1, then al = 0, a2 = -1. However, over a field of characteristic p > 0 other things may happen and for rank r 2 3 over any field the answer is not yet known. determined by its restriction to X, so this local problem may provide a new perspective on the global moduli problem. PROBLEM 18. Take two projective 3-spaces with coordinates xi and xi respectively and let F C P' x P' be the hypersurface defined by C x,X i = 0. Study vector bundles on F whose restriction to a general P' x P' in F is trivial and which admit an extension to the third infinitesimal neighborhood of F in F' x P'. Actually their problem is only local, in the neighborhood of some P' X P' inside F, but global results of an algebro-geometric nature might be useful.
PROBLEM 19. By restricting bundles on P to a fixed curve C in P", establish some relationship between the moduli spaces of stable vector bundles on P" with the moduli of stable bundles on C.
This seems a natural thing to try since so much is known now about the moduli spaces of vector bundles on curves. The first step would be to determine under what conditions the restriction to C of a stable bundle on P" is stable on C. This problem arises out of the linear algebra translation of Problem 7 for stable rank 2 bundles E on PC' satisfying CI = 0 and H'(E(-2)) = 0. For n = 1, 2, 3, the fact that 6 is obviously zero shows that the subset of M(0, n) corresponding to these bundles is connected.
References: [3, 10, 17,461. If so, this would give a method of studying the real moduli space of instantons in terms of the complex moduli space of bundles on P' discussed by Barth[Sl.
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(Horrocks).
Let A, be a regular local ring of dimension n i 1, n its maximal ideal and X, = Spec A -{m}. Are there any nontrivial bundles E on X, which are infinitely extendable, in the sense that for each n'> n, there exists a bundle E' on X,, whose restriction to X, is E, where X,, is embedded in X,,, as the subset defined by the vanishing of n'-n regular parameters of A,,?
The corresponding question on projective space has a negative answer: any infinitely extendable bundle E on P" (meaning for each n' there is a bundle E' on P" restricting to E on P") is a direct sum of line bundles. This was proved in the case of rank 2 by Barth and Van de Ven and for arbitrary rank by Sato. An independent proof was given by Tyurin. There is also an analogous statement for subvarieties: if Y, C P" is a nonsingular subvariety and if for each n'> n there is a nonsingular subvariety Y,. C 
PROBLEM
(Horrocks).
What is the minimum rank s(p) of bundles on the punctured spectrum X, (using notation above) with projective dimension n + 1 -p
(>O)?
This is a generalization of Problem 24. Clearly s(p) s r(p). Lebelt's inequality holds for s also.
Reference:
[14a].
PROBLEM
(Horrocks).
Find the least b -a -c such that there exists a sequence aA, L bA. : CA., with fia = 0, Q, /3 locally split on X, but not globally split.
The first unsolved case is n = 4. preprint. An algebraic discussion of the "syzygy problem." which asks over a regular local ring whether every nonfree jth syzygy module must have rank a j. The corresponding problem for a vector bundle E (not a sum of line bundles) on P" is this 
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